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Abstract 

In this paper, we introduce the homogeneous weight and homogeneous Gray map 
over the ring Rg = F 2 P 1 , M 2 j • • • j Uq]/ {ui = 0, UiUj = UjUi') for q > 1. We also consider 
the construction of simplex and MacDonald codes of types a and {3 over this ring. 
Further, we study the properties of these codes such as their binary images and covering 
radius. 

Key Words: Simplex codes, MacDonald codes, Gray map. Codes over rings, Lee weight. 
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1 Introduction 

Codes over rings have been of signihcant research interest since the pioneering work of Ham¬ 
mons et al. [in] on codes over Z 4 . Many of their results have been extended to hnite chain 
rings such as Galois rings and rings of the form F 2 [m]/ (m™'). Recently, as a generalization 
of previous studies [HllS], Dougherty et al. [5] considered codes over an inhnite class of 
rings, denoted Rg. These rings are hnite and commutative, but are not hnite chain rings. 
Motivated by the importance of the simplex and MacDonald codes which have been dehned 
over several hnite commutative rings mm, in this work, we dehne the homogeneous weight 
over Rg and present simplex codes and MacDonald codes over this ring. The properties of 
these codes are studied, particularly the weight enumerators and covering radius. Further, 
the binary images of these codes are considered. 

The remainder of this paper is organized as follows. In Section 2, some preliminary 
results are given concerning the ring Rg and codes over this ring. Further, we dehne the 
homogeneous weight and its Gray map. The simplex codes of type a and their properties and 
binary images are given in Section 3, while the simplex codes of type /3 and their properties 
and binary images are given in Section 4. In Section 5, the MacDonald codes of types a 
and (3 are presented along with their binary images. Section 6 presents the repetition codes 
and considers some properties of these codes, in particular the covering radius. Finally, in 
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Section 7 the covering radius of the Simplex and MacDonald codes of types a and f3 are 
studied. 


2 Preliminaries 


Let i? be a finite commutative ring and the set of all n-tuples over R. Hence, R^ is an 
7?-module. A code C of length n over i? is a non-empty subset of i?". A submodule C of i?" 
is called a linear code, and a code C is called free if it is a free i?-module. Let \C\ denote 
the cardinality of C. If ICI = M, then C is called an {n,M) code. For any two vectors (or 
codewords) x = (xi, X 2 , ■ ■ ■, Xn) , y = (|/i, 2 / 2 , • • •, Vn) G R'^i the inner product is dehned as 

n 

{x, y) = Xiyi G R. 

i=l 

Let C O he a. code of length n over R. The dual code of C is dehned as 


= {x I {x, y) = 0, for all c G (F } . 

Let g > 2 be a positive integer. Then the ring Rg = F2['Ui, M2,..., Ug]/ {uf = 0, UiUj = UjUi) 
is given recursively by 

Rq F2['Ui,'U2, ■ ■ ■ jUg\/ (Uj^ 0,UiUj UjUj^ Rq—\ -\- UqRq—\. 

For every subset A C {1, 2, • • • , g} we have 

'^A Ui, 

i&A 

with the convention that m® = 1. Then all elements of Rq can be expressed by 

caMa, with ca G F 2 . 

2lC{l,2,...,g} 

The following lemmas proved by Dougherty et ah |S] gives some important properties of Rq. 


Lemma 2.1 The ring Rq is a local commutative ring with \Rq\ = 2^”^. The unigue maximal 
ideal mg consists of all non-units and \mq\ = 


Proposition 2.2 

(i) For any a G Rq, we have 


a ■ {UiU2 ■ ■ - Uq) 


0 if a is a non-unit, 

U 1 U 2 ■ ■ - Uq if a is a unit. 
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(a) For any unit a E Rq and x E Rq, we have 

a ■ X = U1U2 ■ ■ ■ Uq ^ X = U1U2 ■ ■ - Uq. 

We denote the set of units of Rq by ii{Rq) and non-units by D{Rq). It is clear that 
\li{Rq)\ = |2)(/2g)| = 22^-1 andli{Rq) = ^{Rq) + 1. 

A linear code of length n over Rq is defined to be an Rq-submodule of R^. 


2.1 The Lee and Homogeneous Weights over Rq and the Gray 
Maps 

2.1.1 The Lee Weight over Rq and the Gray Map 

Let the order on the subsets of {1, 2,..., g} be 

{l,2,...,g} = {l,2,...,g-l}U{g}. 


With this order, the Gray map is dehned as follows 

Lee '■ Rq ^ ^2 ^ 


with 

and 


'I^Lee ("^a) ’ 


Cb 


1 a B c A, 

0 otherwise. 


We can extend I 'Lee to all elements of Rq and dehne the Lee weight of an element in Rq as 
the Hamming weight of its image. This is a linear distance preserving map from R^ to 
It follows immediately that 

WLeeiuA) = 2 '^'. 


Hence we have the following lemma. 


Lemma 2.3 If C is a linear code over Rq of length n, cardinality 2^ and minimum Lee 
weight diee, then "^LeeiC) is a binary linear code with parameters [2^'^n,/c, d^ee] ■ 


2.1.2 The Homogeneous Weight over Rq and the Gray Map 

Several weights can be dehned over rings. A weight on a code C over the ring Rq is called 
homogeneous if it satishes the following assertions. 
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Definition 2.4 p. 19] A real valued function w on the finite ring Rq is called a (left) 
homogeneous weight if w{fS) = 0 and the following are true. 

(i) For all x,y G Rq, RqX = Rqy implies w{x) = w{y). 

(a) There exists a real number rj such that 

w{y) = rjlRqxl for all x E Rg — {0}. 

y&Rx 


The number rj is the average value of w on Rq, and from condition (i) we can deduce that 
rj is constant on every non-zero principal ideal of Rq. 

Honold m described the homogeneous weight on Rq in terms of generating characters. 


Proposition 2.5 01]/ Let Rq be a finite ring with generating character x- Then every 

homogeneous weight on Rq is of the form 


w 


Rq —)■ 


X I —)■ 7 


1 - Eugr- x{xu) 


The homogeneous weight on Rq will be obtained using Proposition 12.51 Recall from [5] 
that the following is a generating character for the ring Rq 


( 


X 


\ 




CaUa 


AC{l, 2 ,...,g} 
\ C0=OVA^0 




where wt{c), denotes the Hamming weight of the F 2 -coordinate vector of the element in the 
basis {ua] ^ ^ {1, 2, • • ■ , q}}. We then have 


X(0) = 1 

x(l) = xiui) = ■■■ = x{uq) = xiuiU2) = ■■■ = xiuiU2 ■■■Uq) = -1 
x(l -f Ml) = x(Mi +U2) = ■■■ = x{Uq M1M2 ■■■Uq) = 1 

x(l +Ui+ U2) = x{ui +U2 + U3) = ■■■ = x{Uq-l +Uq + U1U2 ■ ■ ■ Uq) = -1 


/ \ 


X 


1 + 

V 


I ] CaUa 

AC{l, 2 ,...,g} 

C0=OVA^0 


1 . 


The following Lemma from m Theorem 2] will be key in proving the main theorem 
concerning the homogeneous weight on Rq. 
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Lemma 2.6 Let x be an element in Rq such that x ^ 0 and x ^ U 1 U 2 ■ ■ - Uq. Then 

X{a-x) = 0. 

a£Rq 

Theorem 2.7 The homogeneous weight on Rq is 

{ 0 if X = 0, 

27 if X = UiU2- ■ -Uq, 

7 otherwise. 

Proof. Let x = U 1 U 2 ■ ■ - Uq. Then by Proposition 12.21 a • a: = a: for all a G so 

x(a • a;) = —1 for all a G ii{Rq). Hence, by Proposition 12.51 we have 


Whom{x) = 7 


1 - 


1 

Wr, 


EM) 


27. 


If a; 7 ^ 0 and x 7 ^ U 1 U 2 ■ ■ - Uq, then by Lemma 12.61 we have J2aeRq 
obtain 


Whom{x) = 7 



= 7 - 


X(a • x) 


0. Thus we 


□ 


The homogeneous weight for a codeword x = {xi,X 2 , - ■ ■ ,Xn) G Rq is dehned as 


^hom i^i) 


0 if a;* = 0 , 

2 ''+^ if Xi = U1U2 ■■-Uq, 

2^ otherwise. 


The corresponding Gray map is given by 


where 


'h/iom • Rq ^ 

'^hom ( 0 ) 

'hw (1) 


/ 




hom 


\ 


Y. CaUa 

AC{l, 2 ,...,g} 
\c0=OVA^0 / 


Hence the following lemma holds. 



= 0000 ■■■00 

= 0101 ■■■01 


= llll^^^ll 


Lemma 2.8 If C is a linear code over Rq of length n, cardinality 2^ and minimum homo¬ 
geneous weight dhom, then '^hom{C) is a binary linear code with parameters [2^'^"'’^, k, dhom]- 
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The following definition gives the Hamming, Lee and homogeneous weight distributions. 


Definition 2.9 For every I < i < n, let Auarnii), Aieeii) and Ahom{i) be the number 
of codewords of Hamming, Lee and homogeneous weight i in C, respectively. Then 

(^Ham(O), ' ' ' t AjjaYiii^^')') i 

(^Lee(O), Hiee(l) 1''' 1 Ajjgg (u)), 

and 

(•^/iom(0)5 ■ ■ ■ 5 

are called the Hamming, Lee and homogeneous weight distributions of C, respectively. 

In [1], the torsion code of a code C over Rg was defined as 

Tor A (C) = {ve F 2 "; UAveC,Ac{l,--- , 2"}} . (1) 

Tor0 iC) = {u G F2; U0V G C, H = 0} is called the residue code and is often denoted by 
Res{C) = {u G F 2 ; G F 2 ; M + uav E C}. In general, we have the following tower of codes 

Tor0 (C) C Tor{i}c{i,...,2'j} (C) C • ■ ■ C Tor{i_...,2 <j} (C) . (2 ) 

Hence for a code C over Rg 

1^1 = \Tor 0 {C) ||ror{,}c{i,..., 2 n (C*) I • ■ ■ {C)\. 

Before presenting the simplex codes of types a and (3, we dehne the 2-dimension of a 
code C. In [13], the authors presented the p-dimension for hnitely generated modules over 
Tips. Using this result, we dehne the 2-dimension of a code C over Rg as follows. A subset 
S' of C* is a 2-basis for the linear code C over Rg if S is 2-hnearly independent and C is the 
2 -span of S. The number of vectors in a 2-basis for C is called the 2-dimension of C. 

2.2 The Covering Radius 

The covering radius of a code is dehned as the smallest integer r such that all vectors in the 
space are within distance r of some codeword. The covering radius of a code C over Rg is 
then 

rLee{C) = max{d{v,C)} and rhom{C) = max{d{v,C)}, 

for the Lee and homogeneous weights, respectively. It is easy to see that ri^eiC) and rhom{C) 
are the minimum values of r^ee and rhom such that 

Rg = and R^ = U^^cSr^^Jc), 

respectively, where 

‘S'riee(^) = {n e Rg]d{u,v) < riee} and Sr,^^^{u) = {u G Rg]d{u,v) < riee] ■ 
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Proposition 2.10 Proposition 3.2] Let C be a eode over R] and ^ Lee{C) the Gray map 
image of C. Then riee (C) = rHam{^Lee{C)). 


Proposition 2.11 If Cq and Ci are eodes over R] generated by matrices Gq and Gi, re¬ 
spectively, and if C is the code generated by 


0 

Gi ’ 

_Go 

A 


then rd{C) < Vd^iCo) + Vd^iCi) and the covering radius of Cc (the concatenation of Cq and 
Cl)) satisfies the following ineguality rd(Cc) > Tdo(Co) +'>^di(Ci) for all distances d over Rf. 


Proof. See [Sj Part D], 


□ 


3 Simplex Codes of Type a 


Let q and k be positive integers with q > 1, and let be the matrix of size k x 

dehned inductively by 


/ 

/ ^(Q.k-l) 


^Gk-1) \ 

0229.(fe-l) 

V 



7 \ 

1 + Z] CaUa 

\ c0=OVA7^0 / 

X 1 

/ 


for k >2, where 


- 0 1 Ml 


/ \\ 

1 + ^ CaUa 

AC{l, 2 ,...,g} 

\ C0=OVA7^0 / / 


( 3 ) 


is a matrix with one row and 2^'^ columns containing all the elements of Rg. The columns 
of consist of all distinct fc-tuples over Rg. The code generated by is called 

the simplex code of type a over Rg. This code has length 2^“^^ and 2-dimension 2‘^k. 


Remark 3.1 If A^-i denotes the x matrix consisting of all codewords in 

S(qj^_iy and J is the matrix with all elements equal to 1, then is generated by the 
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^2^-k ^ Q2^-k 


matrix 


Ak-l 

^k-l 

^k-l 

Remark 3.2 If li,l 2 , ■ ■ ■, 4 the rows of then 

1. W}jam (^*) 3 • 5 • 17 ■ 257 ■ . . . ■ 2 , ^iJam ^Ham (^2^i) • • • ^Ham {,'^q^i} 

3 • 5 • 17 • 257 ■ ... • (miM2 • • • Ugk) = 

2. WLee ih) = WLee {Uik) = WLee (M2^i) = • • • = Wiee {UiU 2 • • • Ugh) = 22"-*'+(9-l), 

3’ UJfiom ifi) UJfiom {U\li) Ulfiom (^2^*) • • • UJhom (^1^2 • • • Uqh) 2 

In the matrix it is clear that each element of Rq appears times in every 

row. Thus we have the following lemma. 


^fc-i 

J + -^k-l 


( 


A-k-i 


\ 


( 


\ 


1 + Z] CaMa 

AC{l,2,...,g} 

\ C0=OVA7^0 / 


J + I^k-l 


1 + Z CaUa 

AC{1,2,...a} 

\ C 0 =OVA ^0 / 


J + I^k-1 


J + I^k-l 


( 4 ) 


Lemma 3.3 Let c G *5'^^) be nonzero. If one coordinate of c is a unit then every element 
of Rq occurs times as a coordinate of c. 

Proof. From Remark 13.11 any x G f._y gives the following codewords of 


Cl = (a;|a;|a;| • • • |x) 



/ 

/ 


\ 

\ 

C2 = 

X 1 + x\ui + X • ■ ■ 

1 + 

z 

CaUa 

+ X 


V 

V 

AC{1,2,...a} 

C0=OVA^0 

) 

/ 


/ 

/ 


\ 


\ 

X 

1 + 

z 

CaUa 

+ X • 

• X 

V 

V 

^C{1,2,-a} 

C0=OVA^0 

) 


/ 


The result then follows by induction on k and Remark 13. II □ 


To obtain the torsion codes over Rq, it is necessary to introduce the binary simplex codes 
of type a and /3. 
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The binary simplex code of type a, denoted by Sk, has parameters [2^; fc; duam = 2*^ 
and generator matrix 


G,= 


o 

o 

o 

11...1 

Gk-i 

Gk-i 


(5) 


for fc ^ 2, where Gi = (0|1). 

The binary simplex code of type /9, denoted by Sk, has parameters [2^ — 1; k] duam = 2^“^] 
and generator matrix 


Gk = 


for A; ^ 3, where 


11...1 

00... 0 

Gk-i 

Gk-1 

( “ 


v 

G' 


( 6 ) 


Lemma 3.4 The torsion code of is the concatenation of Sk codes. 

Proof. The torsion code of is the set of codewords obtained by replacing UiU 2 ■ ■ - Uq 
with 1 in all UiU 2 ■ ■ ■ Wg-linear combinations of the rows of Mi • • • UqG'^^ (where (7“^ is the 
generator matrix of dehned in ([3])). The proof is by induction on k. For k = 2, the 
result is true. If uiU 2 ■ ■ ■ UqG^^ is the matrix obtained by the concatenation of 
copies of the matrix UiU 2 ■ ■ ■ UqGk-i, then UiU 2 ■ ■ ■ UqG^^ takes the form 


ll\U2 * ‘ ‘ UqG ' * * U\u2 * ‘ ‘ '^qGk — l 


U1U2 ■ ■ ■ UqGk-1 ■ ■ ■ U1U2 ■ ■ ■ UqGk-1 

0 

22'J-(fc-l) 


{UiU2 ...Uq)xl 


Grouping the columns based on (jS]), we obtain the result. 


(7) 

□ 


For g > 2, we dehne the following linear homomorphism 


where 


We have 


Rq 


( 


Rq-\ 


\ 


1 + Z] C.AUA 
nc{i,2,--- ,(j} 

C0=OVA^0 


1 + Z 

AC{l,2,-,g} 

\ C0=OVA^0 ^ 


/ \ 


F 
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1 + 



C-aUa 


ylC{l,2,--- ,<j} 
C0=OVA^0 


/ 


1 + ^ CaUa- 

nc{i,2,--- A-i}- 

C0=OVA^0 


ImfTq) = Rq_i, 
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and for n a positive integer this homomorphism can be extended to 


p . pn _V TDn 

L q . JXq f ^q-l- 

Theorem 3.5 Let *5'^" fc) he the simplex code of type a over Rg. Then rg(S'^“ is the 
concatenation of 2‘^’‘ simplex codes of type a over Rg^i. 


Proof. If is a generator matrix of the simplex code 5'^“ of type a over Rg, then 

^gi^iqk)) form 


/ 




r,2<l-‘^k 


\ 


/^a /^a (^CL 

<-^(9-1,fc) I ^{q-Pk) r • ■ I ‘-^(g-1, 


k) 


\ 


where 



1 ^(q-l,k-l) 

^(q-l,k-l) 


^(g-l,k-l) 






7 \ 


l,fc) - 

^229-l(fc-l) 

V 

1229-1(^-1) 



1 + E CaUa 

AC{l, 2 ,...,q} 

\ C 0 =OVA ^0 / 

X 1 , 

229-l(fe-l) 




is a generator matrix of the simplex code of type a over Rg-\. 


□ 


Theorem 3.6 If S^gk) is a simplex code of type a over Rg, then 

( \ 

r,(r,_....(r. (sr«)))) = 


na Qcx. net 


V 


/ 


' q-l'' 


is the concatenation o/ 2 ^ ^ codes where 5'“^^ k) is the simplex code of type a over 

R^. 

Proof. The proof is by indnetion on q and Theorem 13.61 For g = 2, if k) ^ generator 
matrix of the simplex code over R 2 , then 


r 2 (GU)) = 


where k) ^ generator matrix of the simplex code over Ri. If 


/ 2^'= 

\ 

1 1 

1 1 • • 

1 

■ 1 

V 

/ 


r,_, (r,_,...(r2 (Gf,,„))) = (2^ 


2'i-^k I ni-^kr^a 


... 2^ ^G' 


{i,k) , 
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is the generator matrix obtained by the concatenation of 2 ^ ^ simplex codes of type 

a over Ri. Then 


r, (r,_i.--(r2 (Gg,,„))) = (2^''= 


22 kQ 



( 


(^CX 




k 


\ 


G 


OL 


V 


) 


□ 


Let So = { 0 }, Si = { 0 , U1U2 ■ ■ ■ Uq},- ■ ■ , Sq-l = { 0 , Ul, M2, • ' ' > U1U2 ■ ■ ■ Uq}, and Sq = Rq. 
Note that Sq-i is the set of all zero divisors of Rq. A codeword c = (ci, C2, • • • , Cn) G is 
said to be of type m, 0 < m < g, if all of its components belong to the set Sm- From 
we have that each element of Rq occurs equally often in every row of G'^^^y 

To determine the Hamming, Lee and homogeneous weight distributions of S^^/^y the 
number of codewords of type m in 0 < m < g, must be determined. For this, we 

dehne the matrix Di as 

/ h \ 

Ulh 

Ul...UqRi 

k 

Ulh 

• ? 

Ml . . . Uqh 


Ulh 

y Ml . . . Uqh j 

where k is the row of Let G^™'^ be the subcode of G generated by the rows of Dm- 

We then have that 

G(0) ^ (J{2) ^ ^ C^q)_ 

Note that G^™'^ has 2"^^ codewords and the matrix Dq generates S^^j^y For 0 < m < g, the 
codewords of type m occur 2™^ — times in S^^f^y This proves the following lemma. 

Lemma 3.7 For 0 < m < q, the number of codewords of type m in S^^ is — 1). 


/ 


/ 


Do = 


U1U2 . . .Uq. 
U1U2 . . . Uqh 


h \ 


, Di = 


y U 1 U 2 . . . Uqh J 


-ih \ 


Ul...Ug 
Ul . . .Uqh 

Ml... Uq-ih 
Ml . . . Uqh 


Ul . 


' Uq—ih 


q—l^k 
/. 




, Dq = 
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Theorem 3.8 The Hamming, Lee and homogeneous weight distributions of are 
(i) AHam(O) = 1, - 1)) = 2(—1)^(2™ - 1), for^<m<q. 

(ll) Aiee(O) = 1, = 2^^" - 1. 

(ill) Aw(0) = 1, A„^(22^") = 22^" - 1. 

Proof. Let c G be a codeword of type m 7 ^ 0. Then by Lemma ITTI 

Arfam(22'-™(2”^ - 1)) = 2(”^-b^(2- - 1), 

for m = 0, and = 1. Further, by Lemma 13731 Aieeic) = — 1 which is indepen¬ 

dent of m, so all codewords of type m 7 ^ 0 have the same Lee and homogeneous weights. □ 


3.1 Binary Gray Images of Simplex Codes of Type a 

The binary images of the simplex code over Rq are given in the following two theorems. 


Theorem 3.9 Let *S'(" he the simplex code over Rq of length 2'^'^^, 2-dimension 2^k, and 
minimum Lee weight d^ee- Then T Lee{S(^ is the concatenation o/ 2 ’' 2 '^“^F+'? binary simplex 
codes with parameters k] duam = 22'^^+'?“^]. 


Proof. LetG^g,,) 
has the form 


be a generator matrix of the simplex code over Rq. Then T Leei.G')^ 




/ 

2(2^-l)k+q 

\ 

'Ck 

\Gk\--- 

Gk' 

\ 


/ 


where Gk is a generator matrix of the binary simplex code Sk- The result then follows by 
induction on k. □ 


Theorem 3.10 Let be the simplex code over Rq of length , 2-dimension 2'^k, and 
minimum homogeneous weight dhom- Then hom{S(^ is the concatenation 0 / 2 ^ 2 '’-i)fc+'j+i 
binary simplex codes with parameters k; dnam = 22'^^+'?]. 

Proof. The proof is similar to that of Theorem 13.91 □ 
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4 Simplex Codes of Type 

Let be the matrix of size k x 2^^^ — 1) defined by 



where is a generator matrix of 


Remark 4.1 Let Ak-i {Bk-i) denote the array of codewords in 

the matrix of all 1 ’s. Then the array of codewords of is given by the following matrix 


Ak-i 

Bk-i ■ ■ ■ 

Bk-i 

/ 

J + Ak-i 

Bk-i ■ ■ ■ 

E <^aua 


AQ{l,2,...,q} 

i^C 0 =OVA ^0 


1 + y] caUa J + ^fc-i 
AC{1,2,...,<?} I 

C 0 =OVA ^0 / 


E <^aUa j + 5fc-l 
AC{l,2,...,<if} I 

C 0 =OVA ^0 / 


Let il(91q) and Si(91q) denote the set of units and the set of zero divisors of Rq, respec¬ 
tively. The following proposition provides the weight distributions of S^q^y 

Proposition 4.2 For 1 < j <k, let Ij be the jth row of Then we have 

(i) E Wi = 2"^ '(^- 1 ) and each zero divisor in Rq appears _ i) times 

jea(iHq) 

in Ij. 


(tt) WHamilq) = 2(2^-b(fc-l)-2^ (3 ■ 5 ■ 17 ■ 257 ■ ■ ■ (2^ - 1) + 1) . 


1. WLeeih) = 


13 



Proof. The proof follows from the dehnition of Ij. 


□ 


The following proposition gives the structure of the codewords of 5'^^)- 

Proposition 4.3 Consider a codeword c G S^q^y U one coordinate of c is a unit then 
~ and each zero divisor in Rg appears 2 *^^ -i)-{k- 2 )^ 2 ^-i _ times in 

c. 

Proof. By Remark 14.11 there exists Xi G and X2 G such that c takes 

one of following 2^"^ forms 


Cl 


C 2 


^ 22 " 


{XI\X2\X2\ ■ ■ ■ \X2) 

( ( \ \ 


1 + Xi\x2\Ui + X2 


E 


CaUa 


+ X2 


V 




AC{1,2, 

\c0=OVA^0 

/ 



/ 

( 


\ 


/ 

\ 

\ 


1 + 

E 

CaUa 

+ Xi ■ ■ ■ 

E 

CaUa 

+ X2 

V 


AC{l,2,...,(j} 

C0=OVA^0 

) 


AC{l,2,...,q} 
\ C2i=O\/A^0 

) 

/ 


The result then follows by induction on k. 


□ 


Lemma 4.4 The torsion code of is the concatenation of 2^^’ binary simplex 

codes of type fd denoted by Sk- 

Proof. The proof is similar to that of Lemma 13.41 □ 

Theorem 4.5 The Hamming and homogeneous weight distribution of are 

(t) Auamifd) = 1 , ( 2 - - 1 ) + (2^-^ - 1 )]) = 2 (— 1 )^( 2 ™ - 1 ), 

0 < m < g. 

(ii) Ahomifd) = I, - 1 ) = - 1 ). 

Proof. The proof is similar to that of Theorem 13.81 □ 


Theorem 4.6 Let be the simplex code of type ft over Rg. Then is the 

concatenation of 2“^’’ simplex codes of type ft over Rg-i. 
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Proof. If is a generator matrix of the simplex code of type (3 over then 

form 


/ 


22k 


r,(G 


3 




\ 


(~<P /^P /^P 

'^{q-l,k) I ^iq-l,k) I • • ■ I ^(g-L 


k) 


\ 




where is a generator matrix of the simplex code of type jS over R, 


q-l- 


□ 


Theorem 4.7 If is the simplex code of type (3 over Rq, then 


( A^)k \ 


r, (r,_,... (rn sf^ ^ 


oh qh qh 


V 


/ 


' 9-1 ' 


is the concatenation o/ 2 ^ fc simplex codes of type f3 over Ri, denoted by Sf. 




Proof. The proof is by indnction on q and Theorem 14.61 For q = 2, G^^, k) ^ generator 
matrix for the simplex codes of type (3 over R 2 . Then 


r2(G 


h 1 _ 

{2,fe) j - 


/ 


V 




r’h I 




G 


{i,k) 




where G^^ is a generator matrix for the simplex code of type {3 over Ri. Then 


rq-l{Tq.,---[T2[G^^2,k) 




' 9-1 ' 


is the generator matrix obtained by the concatenation of 2 ^ k codes, where Sf^ 

is the simplex code of type (3 over Ri. Then 




/ 


T, r2 


\2,k) 


(g-2)(2+i) 
22 y ^ f k 


\ 


qh I qh 

^{l,k) I 


qh 

^{l,k) 


□ 
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4.1 Binary Gray Images of the Simplex Codes of Type (5 

The binary images of the simplex codes of type (3 over Rq are given in the following theorems. 

Theorem 4.8 Let be the simplex code over Rq of length 2*^^^ — 1), 2- 

dimension 2'^k and minimum Lee weight dLee- Then TLee(*S'|^ fc)) is the concatenation of 
2 ( 2 ^ -i)(fc-i)+9 simplex codes with parameters -i)(fc-i)+'?(2^ — 1); k] duam = 2^^"^ ^- 2 )fc+gj^ 


Proof. If is a generator matrix of the simplex code 5'^^) over Rq, then ^LeeiGfqk)) 

has the following form 




( -lYk-l) + q \ 

.-. 

Gfc I Gfc I ■ ■ ■ I Gfc 

V / 


where is a generator matrix of the binary simplex code S'^. The resnlt then follows by 
induction on fc. □ 


Theorem 4.9 Let be the simplex code over Rq of length 2*^^^ 2- 

dimension 2'^k and minimum homogeneous weight dhom- Then Thom(5'|^fc)) is the concate¬ 
nation 0 /2^^ -i)(*:-i)+(9+i) i)iii(iry simplex codes with parameters [2^^^ -i)(fc-i)+(9+i)(^2^ — 
l);A;;d/,.™ = 2(2''-2)(^-b+(9+i)], 

Proof. The proof is similar to that of Theorem 14.81 □ 


5 MacDonald Codes of Types a and over Rq 


In [12], the MacDonald code AikRo) over the finite field Fg was defined as the unique 

q^-q^ U ^k-1 ^u-1 

q_i 5 y ~ g 

qU-l_ 


code in which every nonzero codeword has weight either ^ or ^ — 


Let G“^ and G^^ be the generator matrices of the simplex codes of types a and (3 
over Rq, respectively. For 1 < u < /c — 1, we define (resp. as the generator 

matrix of the MacDonald code ^ (resp. ^ obtained from G"^ ( resp. G^^ 

by deleting the columns corresponding to the columns of G"^^^ and 022 'Jux(fc_„) (resp. G^^^^ 
and 02 ( 2 ^-i)(.-i)( 2 ^_i)x(fc-«)), given by 


^Oi 

'^{q,k,u) 


(^OL 

^{q,k) 


02211 


X (k—u) 


G 


(q,u) 


( 8 ) 
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and 


= I \ 


02(29-i)(u-l)(2«_i)x(A:--!i) 


^{q,u) 


( 9 ) 


The code (resp. generated by (resp. is a pnnctured code 

of (resp. and is the MacDonald code of type a (resp. fi). The MacDonald code 

M^qku) i® ^ code over Rg of length — 2^"^“ and 2-diniension 2'^k. The MacDonald code 
A4^q ^ is a code over Rg of length “ 1) “ — 1) and 2-dimension 

21k.' ’ 

For example, if g = 2, A; = 3 and 1 < n < 2, there are two MacDonald codes of type 
a (A ^"2 3 i) -^f 2 3 2 ))’ MacDonald codes of type (3 (-Ad ^2 3 i) ■^^ 232 ))- 

^{ 1 , 2 } = 1 + Ml + M 2 + M 1 M 2 and V{i, 2 } = mi + M 2 + M 1 M 2 , then the generator matrices of these 
codes are given by 


<-^(2,3,1) 


256 

256 


256 


Ml — ■Ml' 


^{1,2} 

( 

1 • 

/^a 

^(2,2) 

^{2,2) 


/^a 

^(2,2) 


'-^(2,3,2) 


/ 240 

256 


256 \ 

.-^’ 

77(1,2} ■ ■ '77(1,2} 

16 16 

16 16 


16 16 

1... 1.. -T/ji 2} ■ ■ ■ 77(1,2} 

0 ... 0 ■ ■ ■77(1,2} ■ ■ '77(1,2} 

0 ... 0 ■ ■ -77(1,2}'' '77(1,2} 

16 

Gri)\'01'"«(1,2; 

r^OL 

^(2,1) 


<^“2,1) / 


_ 

^(2,3,1) 


/ 256 

23 


24 \ 

V(l,2} ' ' ' V(i,2} 

16 16 

16 7 


16 8 

0 ... 0 ■ ■ -77(1,2} ■ ■ '77(1,2} 

1 ■ ■ ■ ful ■ ■ ■ V(i,2}' 

"1 ■ ■ ■ fOMi ■ ■ ■ V(i,2}' 

16 16 

\ <-^(2,1) ' ■ '<-^(2,1) 

16 7 


16 8 


256 

24 


24 


Ml - —Ml 


V(l,2} ' ' ' V(i,2} 

^(2,2) 

^(2,2) 


^(2,2) 


_ 

^(2,3,2) 


Using the previons notation, we have the following results. 

Theorem 5.1 Let M.fgku) -^{qku) MacDonald codes of types a and (3, respec¬ 

tively, over Rg. Then rq(Al“g ^ and rq(Al^g ^ are the concatenation of 2'^’^ MacDon¬ 
ald codes of types a and (3, respectively, over Rg^i. 

Proof. The proof is similar to those for Theorems 13.51 and 14.61 □ 
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Theorem 5.2 If MacDonald code of type a over Rq, then 

r, (r,_,... (r, (Xf2,,,„,))) = 

A^)" 

is the concatenation of 2^ ^ codes, where ^ is the MacDonald code of 

type a over Ri). 

If -M^qku) MacDonald code of type (3 over Rq, then 

(r, (r,-i---(r,(A<fy,,„,))) = . 

B B 

is the concatenation o/2^ copies of ^ where ^ zs the MacDonald code of 

type {3 over Ri. 

Proof. The proof is similar to those for Theorems 13.61 and 14.71 □ 


In the remainder of this paper, we denote by A4r,a and AiT,y the torsion codes of ^ 
and respectively. Next, the Hamming weight distributions of Air,a and AiT,p are 

obtained. 


Theorem 5.3 The torsion code Air,a is a linear code with parameters 2^'^“; k; 2 ^'^^“^ — 
225 ^- 1 )^ The number of codewords with Hamming weight — is egual to 2^ — 2^““, 

the number of codewords with Hamming weight 2^'^^“^ is egual to 2^““ — 1, and there is one 
codeword of zero weight. 


Proof. The generator matrix of the torsion code Air,a is obtained by replacing 

uiU 2 ---Uq by 1 in the matrix ^ Similar to the proof of [U Lemma 3.1], 

the proof is by induction on k and u. It is clear that the result holds for k = 2 and u = 1. 

Suppose the result holds for k — 1 and 1 < u < fc — 2. Then for k and 1 < u < fc — 1, the 

matrix Min 2 • • • ^ has the form 


UlU 2 ■ ■ ■ 




022^x(fc-,.) \ 


( 10 ) 


Then each nonzero codeword of UiU 2 ■ ■ ■ UqG'^^ ^ has Hamming weight 2^"*^“^ — 2^'^““^ or 
2^'^^“^, and the dimension of the torsion code Air,a is k. Hence, the number of codewords 
with Hamming weight 2^'^^“^ — 2^'^““^ is 2^ — 2^““, and the number of codewords with 
Hamming weight 2^"’^“^ is 2^““ — 1. □ 


Theorem 5.4 The Hamming, Lee and homogeneous weight distributions are 

(t) AHam{f3) = I, - 2'^’^^-^ =2^- 2 "““, and AHamiAA^-A = 2 "““ " 1 - 
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(n) ALeeiO) = 1, and = 22^(^-“)(22^“-1). 

(ill) AhomiO) = 1, Ahom{2^'^^^) = 22^(^-“)-1, and Ahon.{2^‘”^+^-2^^^= 22^^-)(22^--!), 

Proof. By Lemma [3.31 and flHl) . there are codewords of AAfg^u) with Hamming weight 
22'Jfc-i _ 22 '^m-i qj, 22'’fc-i^ and Lee and homogeneous weights 2^'^^+^ or 2^“^^+^ — 2^'^“+^. Fur¬ 
thermore, by Theorem 15.31 the dimension of the torsion code AA.T,a is k. Thus we have 
2^-“ — 1 codewords of Hamming weight 2^'^^“^ and 2^'^^“^ — 2^'^““^ codewords of Hamming 
weight 2^ — 2^““. □ 


Theorem 5.5 The torsion code A4 t, 0 is a linear code with parameters —1) — 

2(29-i)(ii-i)^2“ — 1); fc; 2^'^*'“^'^ — 2^'*““^'^). The number of codewords with Hamming weight 
225fc-29 _ 22'Jii-2'j 2^ — 2^““, the number of codewords with Hamming weight 22'’^“2 ‘j 

2^““ — 1, and there is one codeword of weight 0. 

Proof. The proof is similar to that for Theorem I5.31 □ 


5.1 Binary Gray Images of MacDonald Codes of Types a and P 
over Rq 

The binary Gray images of the MacDonald codes of types a and ft are considered in this 
section. 


5.1.1 Binary Gray Images of MacDonald Codes of Type a 

We now determine the binary images of the MacDonald codes of type a over Rq. The 
first theorem considers the Lee weight and the second theorem considers the homogeneous 
weight. 


Theorem 5.6 Let be the MacDonald code of type a over Rq of length 2'^’'^ — 2^'^“, 

2-dimension 2^k and minimum Lee weight dice- Then 'LLee(*S'(“ is the concatenation 

(22^k-\-q _ 22 *^ 11+9 

of - ^ - binary MacDonald codes with parameters [2‘^‘’^+i — 22'*“+'?; k] dnam = 


2k 

2‘i^k+q-l _ 


— 2^ 

22'3'm+(J-11 


Proof. The proof is similar to that of Theorem 13.91 


□ 


Theorem 5.7 Let be the MacDonald code of type a over Rq of length 2'^'’^ — 

2^"’“, 2-dimension 2'^k and minimum homogeneous weight dhom- Then hom{S^^ is the 
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225fe+g+l _ ‘22’iu+q+l 

concatenation of - —— - binary MacDonald codes with parameters [ 2 ^’*^+^+^ — 

22‘>u+q+l. ^ 22 "^+'? - 22 "“+ 9 ], 

Proof. The proof is similar to that of Theorem 13.91 □ 


5.1.2 Binary Gray Images of MacDonald Codes of Types (3 

The binary Gray images of the MacDonald codes of type jd are now given. 

Theorem 5.8 Let he the MacDonald code of type fd over Rq of length2^‘^’^~^">^^~^\2^— 

1) — 2*^2''-i)(«-i)(^2“ — 1), 2-dimension 2‘^k and minimum Lee weight diee- Then d'Lee(>S'|^ fc)) 

2{2i-i)(k-i)+q/2^ _ X) — 2(2 '^-i)(“-i)+'?('2 “ — 1) 

is the concatenation of - ; - copies of the binary 

•' 2^ 2“ f J a 

MacDonald code with parameters [2(2'^“b(fc-i)+9(^2*^ — 1) — 2(2‘’-i)(«-i)+q(^2“ — l);k;dHam = 
2(2'?-l)(fe-l)+g-l('2A: _ _ 2(2'^-l)G-l)+9-l(^2“ — 1)]. 

Proof. The proof is similar to that of Theorem 13.91 □ 


Theorem 5.9 Let he the MacDonald code of type [d over Rq of length 2^'^'^ i)(2^— 

1) — (2“ — 1)), 2-dimension 2'^fc and minimum homogeneous weight dhom- Then 

2 i 2 ‘i-l)(k-l)+(q+l) (^ 2 >^ _ X) _ 2(2'^“1)G“1)+('?+1)(2“ — 1) 
is the concatenation of -- - bi¬ 

nary MacDonald codes with parameters [2(2'’-i)(fc-i)+(<?+i) (^ 2 ^ — 1) — 2*^2'^-i)(“-i)+('J+i)(^2“ — 

1); k] dnam = 2(2"-bG-i)+'?(2fc - 1) - 2(2"-dG-i)+9(2“ - 1)]. 


Proof. The proofs are similar to those for Theorems 13.101 and 14.91 


□ 


6 The Repetition Codes over Rq and their Covering 
Radius 


The repetition code C over a hnite held is an [n; 1; n] linear code. The covering radius of 
C is J [7]. We begin by dehning the repetition codes over Rq. Let 


Ua = 


\ 


1 + E 


CaUa 


C0=OVA^0 
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and 


Va= ^ CaUa- 


AC{l,2,...,g} 

C0=O\/A^0 


Two types of repetition codes can be defined over Rg. 
Type 1 The repetition codes Cc generated by 


I cc-■-c I 


where c is an element of -Rg-{0, U 1 U 2 ■ ■ - Uq}. 

Type 2 The repetition codes CuiU 2 -ug generated by 


G 



U1U2 ■ ■ ■UqUiU 2 ■ ■ - Uq- ■ ■U1U2 ' ' 'Uq 


n 

Xs. 


Theorem 6.1 The covering radius of the repetition codes over Rq is given by 

(i) rhomiCc) = 2‘>n and rieeiCc) = 2'?n. 

(ii) r}gQYniCugu 2 ---uq) 2*^ 77. and rij^^(Cu^u 2 -"Uq) ‘2^n. 

Proof. For part (i), by dehnition rhom{Cc)=ni8Lyix^{Rg)r^ d{x,Cc}- Let x G {Rq — 
{0 ,MiM2 • • 'Uq})'^. Then as a direct conseqnence, for all y & Cc we have d{x,y} = 2‘^n, so 
that rhom{Cc) = 2 %. By Proposition 12 .101 we obtain that rLce{Cc) = rHam{^Lee{Cc)) = 2 '? 77 . 
The proof of part (ii) is similar. □ 

Let C be the linear code over Rq generated by the matrix 



Then C is the repetition code of length (2^“^ — l)n. 


Theorem 6.2 A linear code C generated by the matrix 



has covering radius given by 


rhom{C) = 2^''+% and rLee{C) = (2^" - 1)2'? ^n. 


Proof. The vectors of C generated by G can be divided into three classes. 
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(1) The vectors of C with components from all the element of Rq 

Xa = {.X 1 X 2 ■ ■ ■ Xn) ^ C,Xi ^ Rq for all 1 < i < n. 

(2) The vectors of C with components that are zero divisors of Rq 

Xb = {.X 1 X 2 ■ ■ ■ Xn) G C,Xi G ^{Rq) for all 1 < i < n. 

(3) The vectors of C with components 0 or U 1 U 2 ■ ■ - Uq 

Xc = {,XiX 2 ■ ■ ■ Xn) E C,Xi ^ {0, U 1 U 2 ■ ■ ■ Uq} for all 1 < i < n. 

For X G {Rq)"‘, we have that d{x, Xa) = d{x, Xb) = d{x, Xc) = so rhomiC) ^ 

On the other hand, for class (1), if a; = (11 ■ ■ • 1) G {Rq)'^ and Xa = (Iwi • ■ -Ua) E (Rq)'^, 
then X + Xa = (0(1 + Ui) ■ ■ ■ Va) is a permutation equivalent to Xa so that 

X + Xa = Cr{Xa). 

Then d{x,Xa) < 2^‘’+'^n, and hence rhom{C) < 2^''+'^n. For class (2), if a; = (11 ■ ■ ■ 1) G (Rq)"' 
and Xb = (uiU 2 ■ ■ ■ Va) G {D{Rq))"‘, so that 

X Xb = ((1 + Mi)(l + U 2 ) ■ ■ -IAa) G (if(-Rq))"'. 

Then d{x,Xb) < 2^'^+^u, and hence rhom{C) < 2^'^+'?n. For class (3), if a: = (11 ■ ■ ■ 1) G (Rq)"' 
and Xc = (0(miM2 • • -Uq) ■ ■ ■ {uiU 2 ■ ■ -Uq)) E (!D(Rq))’^, then 


X + Xc = (1(1 + U1U2 ■■ - Uq) ■■ ■(! + U1U2 ■ ■ ■ Uq)) E (il(i?g))", 

SO that d(x,Xc) < and hence rhom{C) < 2^''+^?t,. 

By Proposition 12.101 we then have that r^ceiC) = rHami'^Lee{C)) = (2^“’ — l)2'^“^n. □ 


7 The Covering Radius of Simplex and MacDonald 
Codes of Types a and /3 over Rq 

We now determine the covering radius of simplex and MacDonald codes of types a and fd 
over Rq. This requires the covering radius of the repetition code over Rq. 
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7.1 The Covering Radius of Simplex Codes of Types a and P over 

Rq 

The covering radius of simplex codes of types a and (3 over Rg is given by the following 
theorems. 


Theorem 7.1 The covering radius of the simplex codes of type a over Rg with respect to 
the homogeneous and Lee weights is 


(i) rhomiS^g^k)) = k-2'^’'’^+L 


(tt) rLee{S^g,k)) = 

Proof. For part (i), if a: G {RqR, we have dhom{x, S^gk)) = k ■ Hence by dehnition, 

rhom{S^^ ^ k ■ On the other hand, applying Proposition 12.111 and Theorem 16.21 

gives 




/ 

1 

i 

? 

-1) 2^'^{k-l) 


\ 



11 ■■ 

■ l+iMi"^- • Ml ■ 

■ UaUa ■ ■ ■ LIa 


+ 2^ • 

V 




) 



< 22’^+? + 22TA:-l)+q . 22^ + . . . + 25-2’ • rhom{S^g,i^) 

22ik+q 22F*:-1)+'? . 22"^ +_h 22F^-9)+9.2'?'2'^ 

< k ■ 22’^+'?. 


For part (ii), from Proposition 12. lOl we have 

rUS^,.k)) = = 2 P'+')‘+'. 

□ 


Theorem 7.2 The covering radius of the simplex codes of type ft over Rq with respect the 
homogeneous and Lee weights is 
(i) = 22TA:-2)+a [22^(fc - 2-'')) + 4 - 2-'?+i]. 

(ll) rLee(S^g^k)) = 2(2^-1)(^-1)+('?-1)(2^ - 1). 

Proof. For part (i), if a; G {RqY, we have dhom{x, = 22 ''(^“ 2 )+(j |^22'’(fc — 2“^^) + 4 — 2“'^+^]. 
Hence by dehnition, rhom{,S^^j^^ ^ 22'’(^-2)+9 \2^''— 2“'?)) + 4 — 2“'^+^]. On the other hand, 
applying Proposition 12.111 and Theorem 16.21 gives 


^hom{,S ^ VfiQjYi 


/ 

22''(fc-l) 

2(2'3'-l)(fc-l) (2'' — !) 

\ 


1^^. 

■ 


V 



/ 


+ rhom{S^gi^_i^) +22 ^ • rhom{S^g;^_^-j) 


< 22Ffc-2)+9 (22^-1 + 2) + ■ • • + 22Tfc-2)+?(fc _ 1) + • rw(^fg,2)) 

< 22"+-2)+9('22'^-i + 2)(2 - 2“'?) H-h 22Ffc-2)+g(;t _ i) 

< 22+^-2)+'? [22" (A; - 2"^)) + 4 - 2"'?+^] . 
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Then similar to the proof of part (ii) of Theorem 17.11 the result follows. 


□ 


7.2 Covering Radius of MacDonald Codes of Types a and P over 

Rq 

The covering radius of the MacDonald codes of types a and (3 over Rq is given by the 
following theorems. 

Theorem 7.3 The covering radius of the MacDonald codes of type a over Rq with respect 
to the homogeneous and Lee weights is 

(i) Foru<e<k, < 2^^^ - 2^"“ + ,,)). 

(ll) rLee(M^q,,^,P = 

Proof. For the hrst part, from Proposition 12.111 and Theorem 16.21 if m < e < fc, we 
have 

< ( 22 ^ - 1 )( 22 ^^- 2 ^) + ( 22 ^ - 1 )( 22 ^^-( 2 ^- 2 )) + ■ ■ ■ + ( 22 ^ - 1 ) 22 ^" 
3~rhom(d^(q^e^uj) 

For the second part, by Proposition 12.101 we obtain that 
rLee(Mfq^,,u)) = rHam(^Lee(Mfq^,,u))) = 

□ 


Theorem 7.4 The covering radius of the MacDonald codes of type P over Rq with respect 
to the homogeneous and Lee weights is 

(i) Foru <e<k, < 2(2^-d(^-i)(2^_i)_2(2^-i)D-i)(2“-l)+r;,,^(Mf^_^^^)). 

(%%) TLeeiMfg i^^^P = 2(2^-b(fc-l)+(9-l) (2^ “ 1) “ 2(2"-^)(“-l)+(5-l) (2“ - 1). 

Proof. For the hrst part, from Proposition 12.111 and Theorem 16.21 if m < e < fc, we have 


< 

+ 

< 


(22^ - i)2(2^-i)(fc-i)-(2^-i)(2^ - 1) 

(22" - i)2(2''-i)(fc-i)-(2'^-i)(2*' - 1 ) + (2^" - i)2(2"-i)(fc-i)-((2''-i)-2)('2 

• • ■ + (22" - i)2(2^-i)(^-i)-(2^-i)(2^ - 1 ) + 

2(2^-i)(fc-i)(2A^ - 1) - 2(2 ^-i)F-i)(2'= - 1) + rhomiM^l^^p. 


k 


1 ) 
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For the second part, By Proposition I2.10[ we obtain that 

- 1) - 2(2^-b(-l)+(<?-l) (2“ - 1). 


□ 
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